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Abstract. We propose a general dual program for a constrained optimization problem via gener-
alized nonlinear Lagrangian functions. Our dual program includes a class of general dual programs
with explicit structures as special cases. Duality theorems with the zero duality gap are proved under
very general assumptions and several important corollaries which include some known results are
given. Using dual functions as penalty functions, we also establish that a sequence of approximate op-
timal solutions of the penalty function converges to the optimal solution of the original optimization
problem.
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1. Introduction

Continuous optimization problems have various applications in economics, engin-
eering and management science. Consequently considerable attention has been
devoted to the study of theory and efficient numerical methods for optimization
problems. Based on the zero duality gap property between the primal convex op-
timization problem and its linear Lagrangian dual problem, some important al-
gorithms have been proposed under regular assumptions (see, e.g., [2, 3, 8, 10]).
For a generalized convex optimization problem and its linear Lagrangian dual
program, the zero duality gap property has been widely studied and a number
of important results have been obtained (see, e.g., [7, 4, 11]). For various Lag-
rangian methods, the zero duality gap property is essential. However, for non-
convex optimization problems, many examples demonstrate that nonzero duality
gap exists if the dual problem is constructed with a linear Lagrangian function.
Thus, it is difficult to develop effective algorithms for nonconvex programs via
linear Lagrangian functions, which leads many researchers to construct nonlin-
ear Lagrangian dual programs for nonconvex optimization problems (see, e.g.,
[15, 6, 5, 12, 13, 1, 9]). In [15, 6], nonlinear Lagrangian functions are constructed
by maximizing the convolution function of the objective function and the con-
strained functions. In [5, 12, 13, 1], nonlinear Lagrangian functions are formulated
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via increasing functions or increasing and positively homogenuous functions. In [9]
more general nonlinear Lagrangian functions, which include the above mentioned
nonlinear Lagrangian functions as special cases, are proposed and relevant dual
programs are studied. What is worth noting is that the zero duality property studied
in [15, 6, 5, 12, 13, 1, 9] was proved under very strong conditions.

This paper improves and generalizes the nonlinear Lagrangian functions in [9].
Under very general assumptions, the zero duality property is established, and some
important corollaries are also obtained. These corollaries include the corresponding
results in [5, 12, 13, 1, 9] as special cases. Furthermore, using the dual functions as
penalty functions, we prove that the e-optimal solution of the penalty function ap-
proaches a solution of the original problem as ¢ — 0, which provides a theoretical
foundation for the development of algorithms with a global convergence prop-
erty. Finally, some special classes of nonlinear functions Lagrangian are studied
to verify our above results.

2. Generalized Lagrangian Functionsand Dual Programs
Consider the following general nonlinear optimization problem:
(P)  min{fo(x)lx € Xo C X},

where X is a metric space, Xo C X is a nonempty closed subset which denotes the
feasible solution set of (P), and f, : X — R is a continuous function.

A dual for (P) can be constructed as follows: given a nonempty set R, the space
of multipliers. Then a generalized Lagrangian for problem (P) is any function L :
X x R — R such that

in)}c fo(x) = infsup L(x,d). (D)

x€X jeR

The dual of (P) is defined as
(D) max{q(d)ld € R},
where

q(d) := inf L(x,d), de€R.
xeX

Since, obviously,

inf sup L(x,d) > sup inf L(x, d),
xEXdER dERXEX

it follows that

Mp = inf fo(x) = supg(d) =: Mp.
xeXo deR
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M p is the primal optimal value, and M, is the dual optimal value. And Mp—Mp >
0 is the duality gap. If Mp = M), (P) and (D) are said to have a zero duality gap.
Since Mp = —oo implies Mp = —oo, we always assumption that Mp > 0 in the
sequel.

Now we make some hypotheses for fo(x) and L(x, d). In Section 3, we will see
that the zero duality gap is true under these hypotheses.

Let ¢ : X —> R be a continuous function such that

x € Xog<—= V¥(x) <0;

X" = {x € Xolfo(x) = Mp}, ie., X isthe set of optimal solutions of (P);
X? = (x e X|Mp— 8 < folx) < Mp +8);
X, = {x e XY (x) <)

Yié ={x e X|Yy(x) > 8);

B(xo, p) = {x € X|infeex,d(x, &) < p}, where d(-, -) is the metric in X.
Some hypotheses are given as follows:
(H1) fo(x) be uniformly continuous on an open set G containing Xo;
(H,) forall x € Xg, foralld € R, L(x,d) = fo(x);
(Hs3) for all € > 0, there exists an open set G (¢) containing Xy, such that

L(x,d) > fo(x) —€, Vx € G(e),Vd € R;
(Hy) for every y > 0, there exists d € R such that
L(x,d) > y¥(x), Vx € X\Xo;

(Hs) the point-to-set map Y;S is upper semi continuous at § = 0.
The following are some results on weak duality and saddle point, whose proofs
are elementary and omitted.

THEOREM 2.1. (Weak duality). Assume that (H>) and (H,) hold. Then
Mp > Mp.

THEOREM 2.2. Assumethat (H;) and (H,) hold. If (x*, d*) is a saddle point of
L(x, d), then x* isan optimal solution of problem (P).

3. Zero Duality Gap

Zero duality gap and weak duality provide a basic characterization of dual pro-
grams. Specially, zero duality gap is a basis for designing various efficient al-
gorithms. Now we prove zero duality gap for (P) and (D).
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THEOREM 3.1. Suppose that (H;) — (Hs) hold, then Mp = Mp.

Proof. By Theorem 2.1, Mp > Mp. We only need to prove Mp < Mp. For any
€ > 0, we have

Mp —e < Mp < fo(x).

By (H1), po > 0 can be taken sufficiently small such that B(Xg, poo) € G and for
any x € B(Xo, po)

folx) > Mp — 2 2

holds. It follows from (Hj3) that there exists an open set G(¢) 2 Xg such that, for
any x € G(e), d € R, there holds

L(x,d) > fo(x) —e. 3)

We assume, without loss of generality, that G(¢) € B(XJ, po) (otherwise G(¢) [ B
(X0, po) can be used to replace G (¢)). It follows from (2) and (3) that

L(x,d) > Mp — 3¢ 4)
holds for any € € G(¢), d € R.

By (Hs), 5(1;5 is upper semi-continuous at § = 0. Let § be sufficiently small so
that

X;® S Ge) orX\G(e) € X, (5)

By (Hy), for 2M /8y, there exists d € R such that, for any x € X\X,, there
holds

2M

do

The combination of (4), (5) and (6) yields

Lix,d) > "Ly (6)

Mp = sup inf L(x,d) > inf L(x,d)
deRxeX ~ xeX _
= min{ inf L(x,d), inf L(x,d)}
xeG(e) xeX\G(€)

> min{ inf L(x,d), inf L(x,d)}
xeG(e) 7 =9

xeXy 0
> min{Mp — 3¢, 222 inf ¥ (x))
0 ==8
XEXW
> min{MP — 3¢, 2MP} = Mp — 3e.

Since € > 0 is arbitrary, we have

Mp > Mp. O
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From the proof of Theorem 3.1, function v (x) in (H,) and upper semi-continuity
assumption of the level set for v (x) in (Hs) are important conditions for the zero
duality gap. But, in fact, it is difficult to verify (Hs). We will give some class of
functions which satisfy (Hs) and several Corollaries of Theorem 3.1.

DEFINITION 3.1. The function g : X — R is said to have property (A) at
xo € X' C X, if, for sufficiency small p > 0, there exists M > 0, for any x €
X\B(X', p), there exists y € X\B(X’, p), such that

(i)  dxo,y) <M,

(i)  g(y) < max{g(xo), g(x)}.

DEFINITION 3.2. The function ¢ : X — R is said to have property (B) at
xo € X' C X, if there exists a finite M > 0, for any x € X\X’, there exists
sequence yo(= x), ¥1, -+ , Yk, Ykr1(= x0) € X, such that

(1) max{d(y;, yi+D|0 <i <k} < M,

(i) max{g(y)Il < i <k} < max{g(xo, g(x)}.

It is obvious that any function g which is defined on a compact set has property
(A) and property (B). If g is quasi convex, psedoconvex or arcwise quasiconvex at
some xo € X', it is obvious that g has property (B).

Let X' = {x € X|g(x) < a}. Recall that X, = {x € X|g(x) < 8).
PROPOSITION 3.1. Assume that g(x) is continuous and has property (A). Then

—<46 . . R .
X, isupper continuous at § = o™ (fromthe right).

Proof. If Y;S is not upper continuous at § = a*, then there exist sufficiently
small pg > 0, 8y —> at (k —> o0), and x; € Y;‘Sk, such that

xr & B(X', po).

By definition 3.1, there exist M > 0 and y, € X\ B(X’, p)

(i) d(x0, yo) < M,

(i) g(yo) < max{g(xo), g(xp)}.

(i) yields that {y,} is bounded, hence there exist an infinite subset No C N =
{1,2,---,1}, such that

{Vidkeny — "
From xo € X', x; € X, * and & > a, (ii) yields

g(yr) < max{g(xp), g(xx)} < max{a, &} = .

By the continuity of g and noting that §; — o™, we have

g < a.
Hence, y* € X’ C B(X’, p). This is a contradiction.
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PROPOSITION 3.2. Let X’ becompact and g(x) be continuous and have property
(B). Then Y;S is upper continuous at § = a*.

Proof. From the boundedness of X', we have that
property (B) implies property (A).

By Proposition 3.1, we know that Proposition 3.2 is true. O

COROLLARY 3.1. Assume that (H1)-(H4) hold and v (x) has property (A) at
xo € Xo. Then Mp = M.
Let U, V C X. Define by

UdV={zeX|lz=x+y,xeU,yeV}

COROLLARY 3.2. Assume that (H;)-(H,) hold, ¥ (x) is a concave function on
X and satisfies

xeXlyx) =20 =UsdYV,

where U is a nonempty compact convex set, V is a nonempty closed convex cone.
Then Mp = Mp.

Proof. By Corollary 3.1, it is sufficient to show that v (x) has property (A).
Since X is a closed set and X is a closed set, X\ Xq is an open set . Taking p > 0
sufficiently small such that U\ B(Xy, o) # @, then X\ B(Xo, p) is a closed convex
set (since B(Xy, p) is an open set). From the conditions, we know that there exist
a compact convex set U’ and a closed convex cone V’ such that

X\B(Xo,p)=U'®V'. (7

Noting that ¢ (x) > 0(x € X\Xp), i.e., ¥(x) has a lower bound on X\Xj. It
follows from the results in [14] that

Y(y) <Y (y+rz), VyeU VzeV'andi>0. 8)

Hence, for x € X\ B(Xo, p), by (8), we know that there exist y € U’, z € V' and
Ao = 0, such that x = y + Apz. By (9), we obtain

V() < ¥x).

From Boundness of U’, we see that v (x) have property (A) for any xo € Xg. O

COROLLARY 3.3. Suppose that (H;) — (H,4) hold, X; isbound and 4 (x) have
property (B) at xo € Xo. Then Mp = Mp.

COROLLARY 3.4. Suppose that (Hy) — (Hy) hold, X, is bound and ¥ (x) is
guasiconvex or pseudoconvex or arcwise quasiconvex at xo € Xo. Then Mp = Mp,.
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COROLLARY 3.5. If (Hy) — (Hy) hold and X isa compact set, then Mp = Mp,.

REMARK . Corollary 3.5 is the main result in [9] (see. Theorem 1). If (H3) is
instead of the follow assumption

(H3) Vx € X\ Xg, Vd € R, there holds L(x,d) > fo(x). Then our Lagrangian
model is corresponding model in [5, 12, 13] and [9]. Hence, based on Corollary
3.5, we have follow Corollary.

COROLLARY 3.6. If (Hy), (H>), (H3)', (Hs) hold and there existsa > Mp such
that level set X" = {x € X| fo(x) < &} has bound. Then My = M.

Proof. From (H3)’, we have

inf L(x,d)> inf fo(x)>a>Mp
xeX\X?Oa xeX\Xfoa

Mp > Mp y|EIdS
inf L(x,d)= inf L(x,d),Vd € R.
xeX XGY.?OO(

Hence, replacing X by Yf.oa and applying Corollary 3.5, the Corollary follows. O

REMARK . Corollary 3.6 is the main results in [5, 13] (see Theorem 4.2 and
Theorem 3.1).

4. Penalty Function Methods

In this section, we use the dual function ¢(d) of (P), for designing a theoretical
algorithm, and we also prove that the algorithm is globally convergent.

DEFINITION4.1. Lete > 0andd € R. x*(d, ¢) € X issaid to be an e-optimal
solution for the following problem (D (d)):

q(d) = inf{L(x,d)|x € X},

if L(x*(d, €),d) < q(d) +e.

From L(x,d) > 0 (Vx € X,V¥d € R), it isobvious that for each d € R,
(D(d)) always has an e-optimal solution.
Algorithm (A). Let M > 2Mp + 1, 61, ¢, € (0,1), r, > 1, and klim ¢ = 0,

—> 0

lim r, = oo.
k—> 00

Step 1. Let k := 1, and find d;, € R such that

2Ml’k
Ok

V(x) < L(x,dy), Vx e X\Xo.
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Step 2. Solving problem (D(dy)), let x*(dy, ;) be an e-optimal solution.
Step 3. If ¥ (x*(dy, €r)) < 0, stop; otherwise, go to step 4.

Step 4. Taking 8,41 = ¥ (x*(dy, €r)), let k := k + 1, and return to step 1.
Each step of Algorithm (A) is well defined under assumptions (H>) and (Hj).

LEMMA 4.1. Assume that (H,) and (H4) hold. If algorithm (A) stops at kth
iteration, then x*(dy, ;) isan ¢,-optimal solution for (P).

Proof. Suppose that algorithm (A) stops at kth iteration. Then
U (x*(di, €)) <0,
i.e., x*(dy, &) € X°. Thus, from assumption (H,),

Mp < fo(x*(dy, €)) = L(x*(dy, €k), di)
= infoex L(x, di) + e < infrexy L(x, di) + €
= Mp + €. O

LEMMA 4.2. Assume that (H,) and (H,) hold. If the sequence {x*(dy, €x)} IS
produced by algorithm (A), then

@ ¥ (x*(dy, €)) is a decreasing sequence;

(b) kﬂnoo ryr (x* (dy, €x)) = 0.

Proof. First we prove
ey (x*(dx, €)) < &, Vk. ©)
Otherwise, there exists kq such that
T ¥ (X (diy» €19)) = o

From step 1 and assumption (H,), we have

2M}"k0 % %
5 Y (X" (diys €xy)) < L(X™(dyy, €ky), di)
0

< in}"(L(x,dkO) + e < Mp + 1.
X€

2Mp +1 <

This is a contradiction. Hence, step 4 and inequality (10) yield

P (0 (diy1, €k41)) < k1 = Y (X" (dg, €)). (10)

By inequality (11) and r,1 > 1, we know that {vr(x*(dx, €¢))} is decreasing
sequence. Thus, {y(x*(dy, €;))} is a bounded set. Let C be an upper bound of
{¥ (x*(dy, €))}. By inequality (11), we have

C
0< lim y(xr*(d ) < lim —=0.

—>00 Iy
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Thus
0< k"m sup ey (x*(dy, €x)) < k"m V(" (di—1, €—1)) = 0.

So (b) holds. a

Now we give a global convergence result of algorithm (A) (see Theorems 4.1
-4.3).

THEOREM 4.1. Assume that (H,) -(H,) hold and that the sequence {x* (di, €;)}
isproduced by algorithm (A). If algorithm (A) stops at kth iteration, then x*(dy, €;)
isan ¢;-optimal solution for (P). Otherwise the infinite sequence {x*(dy, )} pro-
duced by algorithm (A) satisfies

(@) {¥ (x*(dy, €))} IS a decreasing sequence,

(b) klmoo r (x* (d, €x)) = 0;

(c) each cluster point x* of {(x*(dk, €))} belongs to X*.

Proof. From Lemmas 4.1 and 4.2, it is sufficient to show that (c) is true. Suppose
that there exists an infinite subset Ng C N, such that {x*(dk, €x)}xen, — x*.
Then, from (b) and the continuity of v (x), we have ¥ (x*) < 0, i.e., x* € X,. By
assumption (Hs), for ¢, > 0, there exists an open set G () 2 Xo, such that

L(x,d) > fo(x) — &, Vx € G(&), Vd € R. (11)
Thus, there exists kg, such that

x*(dy, €r) € G(er), Yk = ko
Inequality (12) yields

Sfo(x™(dy, &) — e < L(x™(d, &), di) < ir;}‘(L(x, di) + € < Mp + €.
Let k — o0, ¢, —> 0 and by the continuity of f;, we obtain

fo(x™) < Mp.

Thus x* € X*. O

We will further give some convergence property about algorithm (A).

LEMMA 4.3. Assume that (H;) -(Hs) hold. If the sequence {x*(dy, )} isS pro-
duced by algorithm (A), then for any § > 0, there exists kg, such that

XFdi, &) € X (8),  Vk = k.
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Proof. For any € > 0, from (3)-(5), there exists an open set G(¢) 2 X, such
that

Mp —2¢ < fo(x) < L(x,d) + €, VxeG(e),Vd € R. (12)

By (Hs), we can take §o > 0 sufficiently small, such that Y;‘SO C G(e). By Lemma
4.2 (b), we know that there exists kg, such that

X (di, ) € X, € Gle), Yk > ko. (13)

Without loss of generality, we assume that €; < e, it follows from (13) and (14)
that

Mp — 2€ < fo(x™(di, €)) < L(x™(di, €), di) + €
< in}‘(L(x, dy) +2¢ < Mp + 2e. (14)
XeE
Replacing 2¢ by 8, the conclusion follows. a

THEOREM 4.2. Assume that (H;) -(Hs) hold. If the sequence {x*(di, €)} is
produced by algorithm (A), then

@ kﬂnoo Jo(x*(dk, €)) = Mp;
(b) kllm d(x*(dy, €), Xg) = 0.
Proof. From Lemma 4.3, we know that (a) is true. Now from Lemma 4.2 (b) and

assumption (Hs), for any open neighborhood B(Xj, p) 2 X, there exist § > 0
and ko > 0, such that

Y (di @) € X, C B(Xo, p). Vk > ko.
By arbitrarity of p > 0, we know that (b) is true. a
COROLLARY 4.1. Assume that X, is compact and that there is an unique solu-
tion for problem (P). If conditions of Theorem 4.2 are satisfied, then

lim x*(dk, €) = x*.

k—> 00

THEOREM 4.3. Assumethat (H7) -(Hs) hold and X (8) be upper semicontinuous
at § = 0. If the sequence {x*(dy, €;)} is produced by algorithm (A), then

Jim d(x*(dy, €), Xy) = 0.
Proof. For any open neighborhood B(YS, p) 2 Y;, by the conditions of The-

orem, there exists 8 > 0 sufficiently small, such that X, = X (§) € B(X,. p). By
Lemma 4.3, there exists ko > 0, such that

x*(di, &) € X (8) € B(Xg, p),
By arbitrarity of p > 0, we know that The conclusion is true. O
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REMARK . If forany d € R, there exists an optimal solution x*(d, 0) for (D(d)),
then Theorem 4.3 is reduced to the main result (Theorem 2.2) in [1].

COROLLARY 4.2. Under the conditions of Theorem 4.3, if there exists an unique
optimal solution x* for (P), then

lim x*(dk, €) = x*.
k—> 00

5. Examples

In this section, we give some general Lagrangian functions L(x, d) that satisfy
assumptions (H;) — (Hy). Assumptions (Hy) and (Hs) are required for fy and v
to assure a zero duality gap. It is not difficult to see that Lagrangian functions in
[5, 12, 13] and [9] satisfy assumptions (Hz) — (Hy).

Let Xog = {x € X|fi(x) < 0,1 < i < m}. fo(x) is a uniformly continuous
function on an open neighborhood containing Xo. 6 (x) satisfies

(1)0(x) =0« x € Xo;

(2) it is a uniformly continuous function on an open neighborhood containing
Xo. In addition, we assume that Mp > 0.

1). L(x,d) = | fo(x) +0(x)| + XLy di max{ fi(x),0}, d e iRﬂ;

2). L(x,d) = (Ifo(x) + 0| + 3111 (di max{fi(x),0h")», p >0, d €
RY;
3). L(x,d) = max{fo(x) +0(x),d1 fr(x), -+ ,dn fu(x)}, de€RY;

4). L(x,d) = | fo(x) +0(x)] + DiL (exp(d; max{f; (x), 0} — 1)) d e RY;
5). L(x,d) = max{ fo(x) + 0(x), exp(dy max{ fi(x),0}) — 1, -- - , exp(d,, max
{fn(x),0}) =1}, deRY,

6). L(x,d) = max{ fo(x) +6(x), di fi(x), - -, d fin ()} + {2y ri max{f; (x),
0}, r.deRY,

7). L(x,d) = fo(x) +0(x)| + Y i, di max{fi(x),0}, d R

It is easy to check that L(x, d) in 1)-7) satisfy assumptions (H,) — (Hy). For
example

L(x,d) = |fo(x) +0(x)| + Zdl- max{fi(x),0}, deRY
i=1

in 1) obviously satisfies (H,). For givenr > 0, letd; = r, 1 < i < m. And suppose
that ¢ (x) = Y, max{fi(x), 0}. When x € X\X,, we have

L(x,d) > ry(x), Vd eR",

i.e., L(x,d) satisfying (H4). From the assumptions on fo(x) and 6(x), for any
€ > 0, there exists an open set G(¢) 2 Xy, such that

fox) =20, |0(x)| <e, Vx € G(e).
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Hence, for x € G(¢), we have
L(x,d) = |fo(x) +0(x)| = | fo(x)| = 10(x)] = folx) —€, Vd € R,

i.e., L(x, d) satisfies (Ha).
Here 6(x) plays a perturbation role, its construction is very flexible. For ex-
ample, we can take

Yoiogmax{f;(x),0}, ifxe G D Xo
o0, ifx ¢ G,

where G is an open set, f;(x) (1 <i < m) are uniformly continuous functions on
G,o = (g, -+, o) belongs to a compact set in R”.

f0(x) =
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